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Using topological conjugacies, a continuous mapping from the Cantor set onto itself
approximates its factors that are continuous surjective mappings on the Cantor set. Using
topological conjugacies, a continuous mapping from the Cantor set onto itself and its
natural extension approximate to each other. As a corollary, we shall show that a soﬁc
subshift that is homeomorphic to the Cantor set is approximated by some subshifts of
ﬁnite type. Furthermore, extending the former result in Shimomura (in press) [4], we get
the following result:
Let f and g be continuous mappings from the Cantor set onto itself. Suppose that f
is chain mixing and g is aperiodic. Then, a sequence of continuous mappings gk (k =
1,2,3, . . .) which are topologically conjugate to g approximates f if trivial necessary
conditions on periodic points are satisﬁed.
As a corollary, in the set of all chain mixing topological dynamical systems on the Cantor
set, the topological conjugacy class of any topological dynamical system without periodic
point is dense.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let (X,d) be a compact metric space. Let H+(X) be the set of all continuous mappings from X onto itself. In this
paper, the pair (X, f ) ( f ∈H+(X)) is called a topological dynamical system. In particular, we consider the case in which X
is homeomorphic to the Cantor set, denoted by C . For any f , g ∈H+(X), we deﬁne d( f , g) := supx∈X d( f (x), g(x)). Then,
(H+(X),d) is a metric space of uniform convergence. Let (X, f ) and (Y , g) be topological dynamical systems. In this paper,
a continuous mapping φ : Y → X is said to be commuting if φ ◦ g = f ◦ φ holds. If a continuous commuting mapping φ is
surjective, then (X, f ) is called a factor of (Y , g) and φ is called a factor mapping. If a factor mapping φ : Y → X is one-to-
one, then (X, f ) is said to be topologically conjugate to (Y , g) and φ is called a topological conjugacy. Note that a continuous
surjection which is also one-to-one between compact metrizable spaces is a homeomorphism.
In [1] Akin, Glasner and Weiss constructed the Special Homeomorphism. They showed that the set of topological dy-
namical systems that are topologically conjugate to the Special Homeomorphism form a generic subset in the set of all
homeomorphisms of the Cantor set. In [3] Hochman showed that the set of topological dynamical systems that are topo-
logically conjugate to the universal odometer is generic in the set of all transitive homeomorphisms of the Cantor set
(Theorem 1.1 of [3]). Furthermore, in the space of all totally transitive homeomorphisms of the Cantor set, the topological
conjugacy class of an arbitrarily ﬁxed homeomorphism without periodic points are dense (Theorem 1.2 (2) of [3]). In this
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ical dynamical systems is discussed (cf. Corollary 4.5). We concern the possibility of approximation from a ﬁxed topological
dynamical system to another one.
Let (C, f ) and (C, g) be two topological dynamical systems on the Cantor set. We shall discuss whether a sequence
(C, gk) (k = 1,2, . . .) of topologically conjugate topological dynamical systems approximate (C, f ). More generally, we deﬁne
as follows:
Deﬁnition. Let (Y , g) and (X, f ) be topological dynamical systems. Suppose that there exists a sequence {φk}k=1,2,... of
topological conjugacies from (Y , g) to (X, f ) such that φk ◦ g ◦ φ−1k → f as k → ∞. Then, we say that (Y , g) approximates
(X, f ) by topological conjugacies, and we write (Y , g) (X, f ).
We get the following:
Theorem A. Let (X, f ) and (Y , g) be topological dynamical systems such that both X and Y are homeomorphic to C . Suppose that
(X, f ) is a factor of (Y , g), i.e. there exists a continuous commuting surjective mapping π : Y → X. Then, (Y , g) (X, f ).
As a corollary, we shall show that a soﬁc subshift are approximated by topological conjugacies by a subshift of ﬁnite
type (cf. Corollary 3.2).
To describe the natural extension, let N+ denote the set of all positive integers.
Deﬁnition. The natural extension ( Xˆ, fˆ ) of a topological dynamical system (X, f ) is deﬁned with the product topology as
follows:
(a) Xˆ := {(x1, x2, . . .) ∈ X (N+) | f (xi+1) = xi for all i  1};
(b) for xˆ = (x1, x2, . . .) ∈ Xˆ , fˆ (xˆ) := ( f (x1), x1, x2, . . .).
Note that Xˆ is a compact metrizable space. It is easy to see that fˆ is surjective. Therefore, ( Xˆ, fˆ ) is a topological dynamical
system.
Theorem B. Let X be homeomorphic to C . Let (X, f ) be a topological dynamical system, and let ( Xˆ, fˆ ) be the natural extension of
(X, f ). Then, both of the following hold:
(a) ( Xˆ, fˆ ) (X, f );
(b) (X, f ) ( Xˆ, fˆ ).
To describe an application of Theorem B, let us introduce the result of the previous paper [4]. We deﬁne as follows:
Notation. Per(X, f ) := {n ∈ N+ | f n(x) = x for some x ∈ X}.
Suppose that (Y , g) (X, f ) for topological dynamical systems. Suppose that there exists an n ∈ N+ such that gn = idY ,
where idY is the identity mapping on Y . Then, because (Y , gn) (X, f n), we get f n = idX .
Deﬁnition. In this paper, a topological dynamical system (X, f ) is said to be aperiodic if there exists no n ∈ N+ such that
f n = idX .
Note that even an aperiodic dynamical system (X, f ) may consist of only periodic points if there exist periodic points of
arbitrarily large periods.
Now, we list the former result in the previous paper [4].
Theorem 1.1. (T. Shimomura [4]) Let X and Y be homeomorphic to C . Let f ∈H+(X) be chain mixing, and let g ∈H+(Y ) be an
aperiodic homeomorphism. Then, the following conditions are equivalent:
(a) Per(Y , g) ⊆ Per(X, f );
(b) (Y , g) (X, f ).
In the above theorem, there exists the constraint that g has to be a homeomorphism, whereas f need not be. This is
because in the proof of the above theorem, the outline of the proof of the Extension Lemma (M. Boyle [2]) was required.
In [2], two-sided subshifts were considered. Applying Theorem B to Theorem 1.1, we can remove this constraint (cf. Corol-
lary 4.4).
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Although the lemmas in this section overlap with those in the preliminaries of the previous paper [4], we give the proof
here for completeness. A compact metrizable totally disconnected perfect space is homeomorphic to C . Therefore, any non-
empty clopen subset of C is homeomorphic to C . Let Z denote the set of all integers. Let (X, f ) be a topological dynamical
system. Let U be a ﬁnite covering of X by non-empty subsets. We deﬁne a directed graph G = G( f ,U ) as follows:
(a) G has the set of vertices V ( f ,U ) =U ;
(b) G has the set of directed edges E( f ,U ) ⊆U ×U such that
(
U ,U ′
) ∈ E( f ,U ) if and only if f (U ) ∩ U ′ 	= ∅.
Let U ∈ V ( f ,U ). Then, there exists at least one U ′ ∈ V ( f ,U ) such that (U ,U ′) ∈ E( f ,U ). Furthermore, because f is
surjective, there exists at least one U ′′ ∈ V ( f ,U ) such that (U ′′,U ) ∈ E( f ,U ). Let K ⊆ X . The diameter of K is deﬁned as
diam(K ) := sup{d(x, y) | x, y ∈ K }. We deﬁne mesh(U ) := max{diam(U ) | U ∈U }. For two directed graphs G = (V , E) and
G ′ = (V ′, E ′), G is said to be a subgraph of G ′ if V ⊆ V ′ and E ⊆ E ′ .
Lemma 2.1. Let (X,d) be a compact metric space. Let f : X → X be a continuous mapping. Let g : X → X be a mapping, and let
 > 0. Then, there exists a δ = δ( f , ) > 0 such that the following condition is satisﬁed:
• if U is a ﬁnite covering with mesh(U ) < δ and if g : X → X is a mapping such that G(g,U ) is a subgraph of G( f ,U ), then
d( f , g) <  .
Proof. Because of uniform continuity, for any  > 0, there exists a δ = δ( f , ) ∈ (0, 2 ) such that
if d(x, y) δ, then d
(
f (x), f (y)
)
<

2
for all x, y ∈ X .
Let x ∈ X . Then, x ∈ U and g(x) ∈ U ′ for some U ,U ′ ∈U . Because G(g,U ) is a subgraph of G( f ,U ), there exists a y ∈ U
such that f (y) ∈ U ′ . Therefore, it follows that
d
(
f (x), g(x)
)
 d
(
f (x), f (y)
)+ d( f (y), g(x))< 
2
+ diam(U ′)< . 
From this lemma, the next lemma follows directly.
Lemma 2.2. Let (X,d) be a compact metric space. Let f : X → X be a continuous mapping, and let {Uk}k=1,2,... be a sequence of
coverings of X such that mesh(Uk) → 0 as k → ∞. Let {gk}k=1,2,... be a sequence of mappings from X to X such that G(gk,Uk) is
a subgraph of G( f ,Uk) for all k. Then, gk → f as k → ∞.
Although we deﬁned graphs for general ﬁnite coverings by non-empty subsets, hereafter, we consider graphs for parti-
tions by non-empty clopen subsets of compact metrizable spaces that are homeomorphic to C .
3. Proof of Theorem A
Proof of Theorem A. First, note that a non-empty clopen subset of C is homeomorphic to C itself. Let {Uk}k=1,2,... be
a sequence of partitions of X by non-empty clopen subsets such that mesh(Uk) → 0 as k → ∞. Fix k 1. Then, π−1(Uk) =
{π−1(U ) | U ∈Uk} is a ﬁnite partition by non-empty clopen subsets of Y . Therefore, each π−1(U ) is homeomorphic to C .
Thus, there exists a homeomorphism φk : Y → X such that φk(π−1(U )) = U for each U ∈ Uk . Since π is commuting and
surjective, it follows that G(φk ◦ g ◦ φ−1k ,Uk) = G( f ,Uk). Because k = 1,2, . . . is arbitrary, by Lemma 2.2, the conclusion
follows. 
Let (X, f ) and (Y , g) be topological dynamical systems. The product (X × Y , f × g) of the two dynamical systems is
deﬁned as
( f × g)(x, y) = ( f (x), g(y)), where x ∈ X and y ∈ Y .
Let X be homeomorphic to C and let Y be a compact metrizable totally disconnected space. Then, the product space X × Y
is a compact metrizable totally disconnected perfect space. Thus, X × Y is homeomorphic to C . Naturally, (X, f ) is a factor
of (X × Y , f × g). Therefore, by Theorem A we get the following:
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(Y , g) be topological dynamical systems. Then,
(X × Y , f × g) (X, f ).
A soﬁc subshift (Λ,σ ) is characterised as a factor of some subshift (Γ,σ ) of ﬁnite type (cf. B. Weiss [5]). As is well
known, this is in the case of both one-sided and two-sided subshifts.
Corollary 3.2. Let (Λ,σ ) be a one-sided (resp. two-sided) soﬁc subshift such that Λ is homeomorphic to C . Then, there exists a one-
sided (resp. two-sided) subshift (Γ,σ ) of ﬁnite type such that (Γ,σ ) (Λ,σ ).
Proof. This proof holds for both one-sided case and two-sided case. Because there exists a factor mapping from (Γ,σ )
to (Λ,σ ), the only problem to apply Theorem A is that Γ may not be perfect, i.e., Γ may have an isolated point. Let
(Σ2, σ ) be a full shift of two symbols. (Λ,σ ) is naturally a factor of (Γ × Σ2, σ × σ), and Γ × Σ2 is perfect. In addition,
(Γ × Σ2, σ × σ) is naturally topologically conjugate to a subshift (Γ ′, σ ) of ﬁnite type. Thus, every soﬁc subshift (Λ,σ )
can be a factor of a subshift (Γ ′, σ ) of ﬁnite type such that Γ ′ is homeomorphic to C . This concludes a proof. 
4. Natural extension
Let (X, f ) be a topological dynamical system on the Cantor set, and let ( Xˆ, fˆ ) be its natural extension. Let U =
{U1,U2, . . . ,Un} be a ﬁnite partition of X by non-empty clopen subsets. Let l ∈ N+ . Let a = (a(1),a(2), . . . ,a(l)) be a se-
quence of elements of {1,2, . . . ,n}. We deﬁne a clopen subset Uˆ (a) ⊂ Xˆ as
Uˆ (a) := {(x1, x2, . . .) ∈ Xˆ
∣∣ xi ∈ Ua(i) for all 1 i  l
}
.
Then, taking the non-empty ones, we get a partition Uˆ (l) of Xˆ as:
Uˆ (l) := {Uˆ (a) ∣∣ a ∈ {1,2, . . . ,n}{1,2,...,l} and Uˆ (a) 	= ∅}.
Note that if mesh(U ) → 0 and l → ∞, then mesh(Uˆ (l)) → 0. For each a ∈ {1,2, . . . ,n}{1,2,...,l} with Uˆ (a) 	= ∅, we deﬁne
a non-empty clopen subset U¯ (a) ⊂ X as
U¯ (a) :=
l−1⋂
i=0
f −i(Ua(l−i)).
Then, for a 	= b, we ﬁnd that U¯ (a) ∩ U¯ (b) = ∅. Therefore, we get a partition U¯ (l) by non-empty clopen subsets of X as:
U¯ (l) := {U¯ (a) ∣∣ a ∈ {1,2, . . . ,n}{1,2,...,l} and Uˆ (a) 	= ∅}.
Lemma 4.1. Let a,b ∈ {1,2, . . . ,n}{1,2,...,l} be such that Uˆ (a) 	= ∅ and Uˆ (b) 	= ∅. Then, fˆ (Uˆ (a)) ∩ Uˆ (b) 	= ∅ if and only if f (U¯ (a)) ∩
U¯ (b) 	= ∅.
Proof. Suppose that there exists an xˆ ∈ Uˆ (a) such that fˆ (xˆ) ∈ Uˆ (b). Let xˆ = (x1, x2, . . .), and let x0 = f (x1). Then, xi ∈ Ua(i)
for all 1  i  l, and xi−1 ∈ Ub(i) for all 1  i  l. Therefore, xl ∈ Ua(l) , f j(xl) ∈ Ua(l− j) ∩ Ub(l− j+1) for all 1  j  l − 1, and
f l(xl) ∈ Ub(1) . It follows that xl ∈ f − j(Ua(l− j)) for all 0 j  l − 1 and that f j′−1( f (xl)) ∈ Ub(l− j′+1) for all 1 j′  l. Thus,
xl ∈⋂l−1j=0 f − j(Ua(l− j)) = U¯ (a) and f (xl) ∈
⋂l
j′=1 f − j
′+1(Ub(l− j′+1)) = U¯ (b). Therefore, f (xl) ∈ f (U¯ (a)) ∩ U¯ (b) 	= ∅.
Conversely, suppose that f (U¯ (a)) ∩ U¯ (b) 	= ∅. Then, there exists an x ∈ U¯ (a) such that f (x) ∈ U¯ (b), i.e., x ∈⋂l−1
i=0 f −i(Ua(l−i)), and f (x) ∈
⋂l−1
i=0 f −i(Ub(l−i)). Therefore, f i(x) ∈ Ua(l−i) and f i+1(x) ∈ Ub(l−i) for all 0  i  l − 1. Let
xˆ = (x1, x2, . . .) ∈ Xˆ be such that xl−i = f i(x) for 0  i  l − 1, and let x0 = f (x1). Then, xl−i = f i(x) ∈ Ua(l−i) for all
0  i  l − 1, and xl−i−1 = f i+1(x) ∈ Ub(l−i) for 0  i  l − 1. We see that fˆ (xˆ) = (x0, x1, x2, . . .). Therefore, xˆ ∈ Uˆ (a) and
fˆ (xˆ) ∈ Uˆ (b), which concludes a proof. 
Remark. Let X be homeomorphic to C . Then, Xˆ is also homeomorphic to C . To see this, the compactness, metrizability, and
totally disconnectedness of Xˆ are obvious. To see the perfectness of Xˆ , we have to show that any point xˆ ∈ Xˆ is not isolated.
Let xˆ = (x1, x2, . . .). Then, for every l > 0, there exists an x′ 	= xl near xl in X . Let x′i = f l−i(x′) for i = 1,2, . . . , l. Thus, we can
get an xˆ′ = (x′ , x′ , . . . , x′, . . .) 	= xˆ near xˆ. Therefore, xˆ is not isolated.1 2 l
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natural extension of (X, f ). First, note that (X, f ) is naturally a factor of ( Xˆ, fˆ ). Therefore, by Theorem A, it follows that
( Xˆ, fˆ ) (X, f ).
To show that (X, f ) ( Xˆ, fˆ ), let Uk (k = 1,2, . . .) be a sequence of ﬁnite partitions by non-empty clopen subsets of X
such that mesh(Uk) → 0 as k → ∞. Let l1 < l2 < · · · be an increasing sequence of positive integers. Then, Uˆk(lk) (k =
1,2, . . .) is a sequence of partitions of Xˆ such that mesh(Uˆk(lk)) → 0 as k → ∞. Fix k ∈ N+ . Let l = lk , Uˆk = Uˆk(l), and U¯k =
U¯k(l). Let Uk = {U1,U2, . . . ,Un}. For each a ∈ {1,2, . . . ,n}{1,2,...,l} with Uˆ (a) 	= ∅, both Uˆ (a) and U¯ (a) are homeomorphic
to C . Let φk : X → Xˆ be a homeomorphism such that φk(U¯ (a)) = Uˆ (a) for all a ∈ {1,2, . . . ,n}{1,2,...,l} with Uˆ (a) 	= ∅. Let
gk = φk ◦ f ◦ φ−1k : Xˆ → Xˆ . Then, by Lemma 4.1, we get that G(gk, Uˆk) = G( fˆ , Uˆk). Because mesh(Uˆk) → 0 as k → ∞, we
get the result by Lemma 2.2. 
Let (Λ,σ ) be a one-sided subshift. Then, its natural extension (Λˆ, σˆ ) is topologically conjugate to a two-sided subshift.
Moreover, if Λ is of ﬁnite type, then Λˆ is also of ﬁnite type. Therefore, we get the following:
Corollary 4.2. Let (Λ,σ ) be a one-sided subshift such that Λ is homeomorphic to C . Then, there exists a two-sided subshift (Γ,σ )
such that both of the following hold:
(a) (Λ,σ ) (Γ,σ );
(b) (Γ,σ ) (Λ,σ ).
Moreover, if Λ is of ﬁnite type, then Γ can also be taken from a subshift of ﬁnite type.
Next, we shall show another corollary. Generally, the period of periodic points and the approximation by topological
conjugacies are related. If (Y , g) (X, f ) and y ∈ Y is a ﬁxed point of g , then it is easy to see that (X, f ) also has a ﬁxed
point. Furthermore, if (Y , g) (X, f ) and n ∈ N+ , then (Y , gn) (X, f n). Therefore, we get the next lemma:
Lemma 4.3. If (Y , g) (X, f ), then Per(Y , g) ⊆ Per(X, f ).
We show the following:
Corollary 4.4. Let X and Y be homeomorphic to C . Let f ∈ H+(X) be chain mixing, and let g ∈ H+(Y ) be aperiodic. Then, the
following conditions are equivalent:
(a) Per(Y , g) ⊆ Per(X, f );
(b) (Y , g) (X, f ).
Proof. By Lemma 4.3, (b) implies (a). To show the converse, let X and Y be homeomorphic to C . Generally, if (X3, f3) 
(X2, f2) and (X2, f2)  (X1, f1), then (X3, f3)  (X1, f1), for topological dynamics (X3, f3), (X2, f2) and (X1, f1). Let f ∈
H+(X) be chain mixing. And let g ∈H+(Y ) be aperiodic. Suppose that Per(Y , g) ⊆ Per(X, f ) holds. The natural extension
(Yˆ , gˆ) of (Y , g) is a homeomorphism. Because Per(Yˆ , gˆ) = Per(Y , g), we get Per(Yˆ , gˆ) ⊆ Per(X, f ). Because g : Y → Y is
an aperiodic continuous surjective mapping, gˆ : Yˆ → Yˆ is an aperiodic homeomorphism. Therefore, by Theorem 1.1, we get
(Yˆ , gˆ) (X, f ). Because (Y , g) (Yˆ , gˆ) by Theorem B, we get (Y , g) (X, f ). 
In spite of Corollary 3.2, we have proved that chain mixing soﬁc subshifts that are homeomorphic to C can be approxi-
mated by topological conjugacies by so many subshifts or even by endomorphisms.
Concerning Theorem 1.2 (2) of [3], as a special case of Corollary 4.4, we get the following:
Corollary 4.5. Let CM be the set of all chain mixing topological dynamical systems on the Cantor set. Fix a topological dynamical system
(C, f ) ∈ CM. Suppose that (C, f ) does not have any periodic point. Then, the set of all topologically conjugate dynamical systems of
(C, f ) is dense in CM.
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